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Abstract: We consider the standard first passage percolation model in the rescaled graph Z d /n 
for d > 2, and a domain f2 of boundary T in M. d . Let T 1 and T 2 be two disjoint open subsets of T, 
representing the parts of T through which some water can enter and escape from Q. We investigate 
ly-^ . the asymptotic behaviour of the flow <fi n through a discrete version Q n of Q between the correspond- 

ing discrete sets and T^. We prove that under some conditions on the regularity of the domain 
and on the law of the capacity of the edges, the lower large deviations of <fi n /n 1 below a certain 
On . constant are of surface order. 
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1 First definitions and main result 

We use many notations introduced in [8] and [9]. Let d > 2. We consider the graph (Z„,E„) having 
for vertices = Z d /n and for edges E^, the set of pairs of nearest neighbours for the standard L 1 
norm. With each edge e in we associate a random variable t(e) with values in M. + . We suppose 
that the family (t(e), e € E^) is independent and identically distributed, with a common law A: this 
is the standard model of first passage percolation on the graph (Z„, E^). We interpret t(e) as the 
capacity of the edge e; it means that t(e) is the maximal amount of fluid that can go through the 
edge e per unit of time. 

We consider an open bounded connected subset CI of M. d such that the boundary T = dQ of SI 
is piecewise of class C 1 (in particular T has finite area: TL d ~ 1 {T) < 00). It means that T is included 
in the union of a finite number of hypersurfaces of class C , i.e., in the union of a finite number of 
C 1 submanifolds of W 1 of codimension 1. Let T 1 , T 2 be two disjoint subsets of T that are open in 



1 FIRST DEFINITIONS AND MAIN RESULT 



T. We want to define the maximal flow from T 1 to T 2 through Q for the capacities (t(e),e G E„). 
We consider a discrete version (f2 n , T n , T^, r 2 ) of (fi,r,r 1 ,r 2 ) defined by: 

tt n = {x G 1 d n | docix, fi) < 1/n} , 

r n = {x g n n 1 3 y $ n n , (x, y ) g e^} , 

I* = {x G T n | doo(x, r') < 1/n , doofor 3 -*) > 1/n} for t = 1,2, 

where cioo is the L°°-distance, the notation (x,y) corresponds to the edge of endpoints x and y (see 
figure H|) . 




Figure 1: Domain f2. 

We shall study the maximal flow from to r 2 in f2 n . Let us define properly the maximal 
flow 4>{F\ — ► i<2 in C) from Fi to i*2 in C, for C C M. d (or by commodity the corresponding graph 
C D Z d /n). We will say that an edge e = (a;,y} belongs to a subset A of K , which we denote by 
e G A, if the interior of the segment joining x to y is included in A. We define E^ as the set of all the 
oriented edges, i.e., an element e in E^ is an ordered pair of vertices which are nearest neighbours. 
We denote an element e G E^ by ((x, y}), where x, y G are the endpoints of e and the edge is 
oriented from x towards y. We consider the set S of all pairs of functions (g, o), with g : ~E d t — > K + 
and o : E^ — > E^ such that o((x, y)) G {((x, y)), ((y, x))}, satisfying: 

• for each edge e in C we have 

< g(e) < t(e) , 

• for each vertex u in C \ (Fi U F2) we have 

e6C : o(e)=((i),-» egC* : o(e)=((-,u» 

where the notation o(e) = ((«, .)) (respectively o(e) = ((.,«))) means that there exists y G such 
that e = (f,y) and o(e) = ((v,y)} (respectively o(e) = ((y,v)}). A couple (g,o) G S is a possible 
stream in C from i*\ to F2: g(e) is the amount of fluid that goes through the edge e, and o(e) gives 
the direction in which the fluid goes through e. The two conditions on (g, o) express only the fact 
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that the amount of fluid that can go through an edge is bounded by its capacity, and that there is 
no loss of fluid in the graph. With each possible stream we associate the corresponding flow 

fk>w(f?,o) = ^2 5((^))loO,«»=«^» ~ 9((u,v))l (( UtV )) = (^ u )) . 

This is the amount of fluid that crosses C from F\ to F2 if the fluid respects the stream (g,o). The 
maximal flow through C from Fi to F2 is the supremum of this quantity over all possible choices of 
streams 

F 2 in C) = sup{flow( 5 , o) I (g, o) G S} . 

We recall that we consider an open bounded connected subset O of M. d whose boundary T is 
piecewise of class C , and two disjoint open subsets T\ and T 2 of V. We denote by 

<Pn = <t>{^n ^ ^n) 

the maximal flow from T\ to r 2 in Q n . We will investigate the asymptotic behaviour of (fi n /n d ~ l 
when n goes to infinity. More precisely, we will show that the lower large deviations of (fi n /n d ~ 1 
below a constant (fin are of surface order. The description of (fin will be given in section [2, and p c (d) 
is the critical parameter for the bond percolation on Z d . Here we state the precise theorem: 

Theorem 1. If the law A of the capacity of an edge admits an exponential moment: 

36 > / e ex dA(x) < +00 , 
Jr+ 

and if A(0) < 1 —p c (d), then there exists a finite constant (fin such that for all A < <fin, 

limsup-^j-logP^n < An^" 1 ] < 0. 

n— »oo Tl 

Remark 1. The lower large deviations we obtain are of the relevant order. Indeed, if all the edges 
in a flat layer that separates from in Q n have abnormally small capacity, then <p n will be 
abnormally small. Since the cardinality of such a set of edges is D'n d ~ x for a constant D' , the 
probability of this event is of order exp —Dn d ~ l for a constant D. 

Remark 2. The condition A(0) < 1 — p c (d) is optimal. Indeed, Zhang proved in [Tl] that in the 
particular case where d = 3 and $7 is a straight cube of bottom T 1 and top T 2 , if A admits an 
exponential moment and A(0) = 1 — p c (d), then linin^oo cfin/n^ 1 = a.s. The heuristic is the 
following: if A(0) > 1 — p c {d), then the edges of capacity strictly positive do not percolate, and 
therefore they cannot convey a strictly positive amount of fluid through Q when n goes to infinity. 
Kesten obtained the first results about maximal flows in this model in [9] under a stronger hypothesis 
on A(0). Zhang succeeded in relaxing the constraint on A in his remarkable article |12j . 

Remark 3. In the two companion papers [4j and [5], we prove in fact that (fin is the almost sure 
limit of (fi n jn d ~ l when n goes to infinity, and that the upper large deviations of (fi n /n d ~ l above (fin 
are of volume order. 
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2 Computation of 0^ 
2.1 Geometric notations 

We start with some geometric definitions. For a subset X of M. d , we denote by 7i s (X) the s- 
dimensional Hausdorff measure of X (we will use s = d — 1 and s = d — 2). The r-neighbourhood 
Vi(X,r) of X for the distance di, that can be the Euclidean distance if i = 2 or the L°°-distance if 
i = oo, is defined by 

H(X,r) = {;/eK d |%I)<r}. 

If X is a subset of M. d included in an hyperplane of M. d and of codimension 1 (for example a non 
degenerate hyperrectangle), we denote by hyp(X) the hyperplane spanned by X, and we denote by 
cyl(X, h) the cylinder of basis X and of height 2h defined by 

cyl(X, h) = {x + tv | x G X , t G [-/i, /i]} , 

where f is one of the two unit vectors orthogonal to hyp(X) (see figure [2J). 




Figure 2: Cylinder cyl(X, /i). 

For x G M d , r > and a unit vector v, we denote by B(x,r) the closed ball centered at x 
of radius r, by disc(x, r, v) the closed disc centered at x of radius r and normal vector v, and by 
B + (x,r, v) (respectively B~(x,r, v)) the upper (respectively lower) half part of B(x,r) where the 
direction is determined by v (see figured)), i-e., 

B + (x, r, v) = {y G B(x, r) \ (y — x) ■ v > 0} , 

B~(x, r, v) = {y G i?(x, r) | (y — x) • u < 0} . 
We denote by the volume of a unit ball in M. d , and a^-i the TL d ~ 1 measure of a unit disc. 

2.2 Flow in a cylinder 

Here are some particular definitions of flows through a box. It is important to know them, because 
all our work consists in comparing the maximal flow (f) n in f2 n with the maximal flows in small 
cylinders. Let A be a non degenerate hyperrectangle, i.e., a box of dimension d — 1 in M. d . All 
hyper rectangles will be supposed to be closed in R rf . We denote by v one of the two unit vectors 
orthogonal to hyp(A). For h a positive real number, we consider the cylinder cy\(A,h). The 
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2.3 Max-Bow min-cut theorem 




disc(x, r, v) 



Figure 3: Ball B(x,r). 



set cy\(A,h) \ hyp(A) has two connected components, which we denote by Ci(A,h) and C2{A,h). 
For i = 1,2, let A\ be the set of the points in d(A,h) H Z^ which have a nearest neighbour in 

A\ = {x E d(A, h) n Z d n | By e TL A n \ cyl(A, h) , (rr, y) G E^} . 
Let T(A,h) (respectively B(A,h)) be the top (respectively the bottom) of cyl(A, h), i.e., 

T(A, h) = {x £ cy\(A, h) | By £ cy\(A, h) , (x, y) £ E d and (re, y) intersects A + hv} 

and 

B(A, h) = {x e cyl(A, h) \ By g cyl(A, /i) , (re, y) € E^ and (re, y) intersects A - hv] . 

For a given realisation (t(e),e € E^) we define the variable r(^4, /i) = r(cyl(^4, /i), u) by 

r(A,fc) = r(cy\(A,h),v) = <f>(A* ^ A% in cyl(A, h)) , 

and the variable <f)(A,h) = 4>(cyl(A, h), v ) by 

= 0(cyl(A, = (/>(B(A,h) -+T(A,h) in cyl(A,/»)), 

where — > in C) is the maximal flow from F\ to Fi in C, for C C M. d (or by commodity the 
corresponding graph CnZ^/n) defined previously. The dependence in n is implicit here, in fact we 
can also write r n (A, h) and 4> n (A,h) if we want to emphasize this dependence on the mesh of the 
graph. 

2.3 Max-flow min-cut theorem 

The maximal flow (f>(Fi — > F2 in C) can be expressed differently thanks to the max-flow min-cut 
theorem (see [2]). We need some definitions to state this result. A path on the graph Z^ from vq 
to v m is a sequence (vq, e±, v±, e m , v m ) of vertices Uo, v m alternating with edges e%, e m such 
that Vi-i and Vi are neighbours in the graph, joined by the edge e^, for i in {1, ...,m}. A set E of 
edges in C is said to cut F\ from F2 in C if there is no path from F\ to F2 in C \ £\ We call £7 an 
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(F±, F2)-cut if E cuts F\ from F 2 in C and if no proper subset of E does. With each set E of edges 
we associate its capacity which is the variable 

V(E) = £t(e). 

The max-fiow min-cut theorem states that 

4>{Fi -> F 2 in C) = min{ V(E) | £ is a {F u F 2 )-cut } . 



2.4 Definition of z/ 

The asymptotic behaviour of the rescaled expectation of T n (A, h) for large n is well known, thanks 
to the almost subadditivity of this variable. We recall the following result: 

Theorem 2. We suppose that 

/ x dA(x) < oo . 

J[0,+oo[ 

Then for each unit vector v there exists a constant u(d, A, v) = v{v) (the dependence on d and A is 
implicit) such that for every non degenerate hyperrectangle A orthogonal to v and for every strictly 
positive constant h, we have 

lim ^kiT^ = ■ 



n— «x> n 



l H d ~ l {A) 

For a proof of this proposition, see [10]. We emphasize the fact that the limit depends on the 
direction of v, but not on h nor on the hyperrectangle A itself. 

In fact, Rossignol and Theret proved in [10] that under some moment conditions and/or some 
condition on A, v(v) is the limit of the rescaled variable r n (A, h)/(n d ~ 1 H d ~ 1 (A)) almost surely and 
in L . We also know, thanks to the works of Kesten [jjj, Zhang [12] and Rossignol and Theret [10] 
that the variable (j) n (A, h) / {n d ~ 1 H d ~ 1 (A)) satisfies the same law of large numbers in the particular 
case where A is a straight hyperrectangle, i.e., a hyperrectangle of the form rii=i[0i&i] x {0} f° r 
some ki > 0. In his article [12], Zhang obtains a control on the number of edges in a minimal cutset. 
We will present and use this result in section |H 

We recall some geometric properties of the map v : v G i— > v(v), under the only condition 
on A that E(i(e)) < oo. They have been stated in section 4.4 of [TO]. There exists a unit vector 
i>o such that ^(i>o) = if and only if for all unit vector v, u(v) = 0, and it happens if and only if 
A(0) > 1 — p c (d). This property has been proved by Zhang in [11]. Moreover, v satisfies the weak 
triangle inequality, i.e., if (ABC) is a non degenerate triangle in M. d and va, vb and vc are the 
exterior normal unit vectors to the sides [BC], [AC], [AB] in the plane spanned by A, B, C, then 

H\[AB])v{vc) < H\[AC])v{v B ) +H\[BC])v{v A ) ■ 

This implies that the homogeneous extension vq of v to M d , defined by fo(0) = and for all w in 

R d , 

v Q (w) = \w\ 2 v(w /\w\ 2 ) , 

is a convex function; in particular, since uq is finite, it is continuous on M. d . We denote by u m - m 
(respectively f m ax) the infimum (respectively supremum) of v on S d ~ x . 

The last result we recall is Theorem 3.9 in [10] concerning the lower large deviations of the 
variable r n (A,h) below v(v): 
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2.5 Definition of fa 



Theorem 3 (Rossignol and Theret). We suppose that Jj +QO j x dA(x) < oo and that A(0) < 1 — 
p c {d). Then for every e there exists a positive constant K(d,A,e) such that for every unit vector 
v and every non degenerate hyperrectangle A orthogonal to v, there exists a constant K'(d,A,A,e) 
such that for every strictly positive constant h we have 

< K'(d, A, A, e) exp (^—K(d, A, £)n d ~ x H d ~ 1 (A)^j . 

We shall rely on this result for proving Theorem Q3 Moreover, Theorem Q] is a generalisation of 
Theorem [3j where we work in the domain Q instead of a parallelepiped. 

2.5 Definition of fa 

We give here a definition of fa in terms of the map v. For a subset F of K. d , we define the perimeter 
of F in O by 

r(F,Q) =sup|y divf(x)dC d (x), / e C~(fi,B(0,l)) 

where C£°(0, B(0, 1)) is the set of the functions of class C°° from R d to B(0, 1), the ball centered at 
and of radius 1 in M. d , having a compact support included in and div is the usual divergence 
operator. The perimeter V(F) of F is defined as V(F, M. d ). We denote by dF the boundary of F, 
and by d*F the reduced boundary of F. At any point x of d*F, the set F admits a unit exterior 
normal vector vp(x) at x in a measure theoretic sense (for definitions see for example [6], section 
13). For all F C M. d of finite perimeter in we define 

J n (F) = / v(v F (x))dH d -\x)+ [ v{v {Fm) {x))dH d -\x) 
Jd*Fnn Jr 2 nd*(Fnci) 

+ f v{ m {x))dH d -\x). 

If V(F, Q) = +oo, we define fa(F) = +oo. Finally, we define 

fa = mf{l n (F) | F C M d } = mf{l n (F) | F C 0} . 
In the case where dF is C , Iq(F) has the simpler following expression: 

MF)=( v{v F {x))d7i d -\x)+ [ u(v [Fnn) (x))dH d - 1 (x) 
JdFnn Jr 2 nd(Fnn) 

+ f v{ m {x))dH d -\x). 
Jr 1 n9(n\F) 

The localization of the set along which the previous integrals are done is illustrated in figure |H 
Since v(v) is the average amount of fluid that can cross a hypersurface of area one in the direction 
v per unit of time, it can be interpreted as the capacity of a unitary hypersurface orthogonal to v. 
Thus fa(F) can be interpreted as the capacity of (dF nfi)U (r 2 n d(F n fi)) U (r 1 n d(Q \ F)). 



n 



Tn(A,h) 

t-W-^A) 
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3 Sketch of the proof 

We are studying the lower large deviations of cf) n /n d ~ l : they are controlled by what happens around 
a minimal cutset. First, we will use the estimate of the number of edges in a minimal cutset made 
by Zhang in [12] to restrict the problem to cutsets having a number of edges at most cn d ~ x for a 
constant c; we can then conclude that the minimal cutset is "near" the boundary of a subset F of 
O belonging to a compact space. By making an adequate covering of this space, we need only to 
deal with a finite number of sets and their neighbourhoods. We will then cover the boundary of 
such a set F by balls of very small radius, such that dF is "almost flat" in each ball; we will also 
show that if 4> n is smaller than <fo(l — e)n d_1 for some positive e, then some local event happens in 
each ball of the covering of dF (this event will be denoted by G(B,vf(x)) for the ball B centered 
at x G dF). After that, we will construct a link between this local event in a ball and the fact 
that the maximal flow through a cylinder (included in the ball) is abnormally small. The lower 
large deviations for the maximal flow through a cylinder are already known (see |10|). Finally, we 
calibrate the constants to get Theorem [H 

This proof is largely inspired by the methods used to study the Wulff crystal in Ising model in 
dimension d > 3 (see for example [6]). 

4 Number of edges in a minimal cutset and compactness 

We consider a (r^,r^)-cut £ n in £l n of minimal capacity, i.e., <p n = V(£ n ), and of minimal number 
of edges (if there are more than one such cutset, we select one of them by a deterministic algorithm). 
According to Theorem 1 in [12], adapted to our case as said in Remark 2 in [12], we know that: 

Theorem 4 (Zhang). // the law of the capacity of the edges admits an exponential moment, and 
if A(0) < 1 — p c {d), then there exist constants (3q = @o(A,d), Ci = Cj(A,d) for z = 1,2 and 
N = N(A, d, O, T, r 1 , T 2 ) such that for all f3 > (3 , for all n>N, we have 

P[card(£ n ) > I3n d ^\ < C x exp(-C7 2 /3n d - 1 ) . 

We will always consider such large n> N. Thus with high probability the (r^,r 2 )-cut £ n has 
not "too much" edges. We want now to change a little bit our point of view in order to work with a 
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subset of M. d rather than the cutset £ n . We define for each edge e the variable t'(e) = l{ e ^£ n }, and 
the set E n C Z d by 

En = {x £ $l n I x is in an open cluster connected to T\ for the percolation process (t'(e)) eg n n }- 
Then the edge boundary d e E n of E n , defined by 

d e E n = {e = (x, y) £ Z d n n n \ x £ E n and y E n } , 
is exactly equal to £ n . We consider now the "non discrete version" E n of E n defined by 

E n = {x £ n | ^(x, £ n ) < l/(2n)} = (X + [-l/(2n), l/(2n)] d ) n . 
For all F C we recall that the perimeter of F in $7 is defined by 

v(F,n) = S up y^awf(x)dc d (x), /ec~(n,B(o,i))} . 

We know that if card(£ n ) < /3n d_1 , then P(£ n , fi) < /?. 
We define 

= {FC </?}, 

endowed with the topology L 1 associated to the distance d(F, F') = £ d (FAF'), where FAF f is the 
symmetric difference between these two sets. For this topology the set Cp is compact. With every F 
in Cp we associate a positive ep, that we will choose later. The collection of sets V(F,£p), F £ Cp, 
where V(F, ep) is the neighbourhood of F of size ef for the distance defined previously, covers Cp 
so we can extract a finite covering: Cp C Uj=i...ArV(Fj, ejrj. We then obtain that for a fixed (3 > (5q, 
for all A we have 

F[cf> n < Xn^ 1 } < e^^ 1 +P[V(£ n ) < Xn^ 1 and V(E n ,Q) < (3} 

N 

< e-Pn*- 1 + Y^¥[V{S n ) < Xn^ 1 and C d {E n AFi) < Si] . 

i=l 

It remains to study 

W[V(£ n ) < An^" 1 and C d {E n AF) < e F ] 
for a generic F in Cp and the corresponding £p. 

5 Covering of dF by balls 
5.1 Geometric tools 

We recall an important result about the Minkowski content of a subset of M. d (see for example 
Appendix A in [3]). Whenever £ is a closed (d — l)-rectifiable subset of M. d (i.e., there exists a 
Lipschitz function mapping some bounded subset of ]R d_1 onto E), the Minkowski content of E, 
defined by 

r^o 2r 
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exists and is equal to W i_1 (-E'). 

We will also use the Vitali covering theorem for TL d ~ l . A collection of sets U is called a Vitali 
class for a Borel set E of M. d if for each x S E and 5 > 0, there exists a set U G U containing x such 
that < diamC/ < <5, where diamlT is the diameter of the set U. We now recall the Vitali covering 
theorem for 7i d ~ l (see for instance [7], Theorem 1.10): 

Theorem 5. Let E be a 7l d ~ l measurable subset ofW d and U be a Vitali class of closed sets for E. 
Then we may select a (countable) disjoint sequence (Ui)i e i from U such that 

either J](diam U^' 1 = +oo or H d ~ X (E \ U ieI Ui) = 0. 
iei 

IfTL d ~ 1 {E) < co, then given e > 0, we may also require that 

n d -\E) < ^gtdiamf/^ 1 . 

We recall next the Besicovitch differentiation theorem in R rf (see for example [T|): 

Theorem 6. Let 97T be a finite positive Radon measure on M. d . For any Borel function f £ L 1 (9Jl), 
the quotient 

v , I f(y)dwi(y) 

Wl{B(x,r)) J B ^ r) 

converges dJt-almost surely towards f(x) as r goes to 0. 

We state a result of covering that we will use in our study of the lower deviations of (f> n : 

Lemma 1. Let F be a subset of Q of finite perimeter. For every positive constants 8 and r), there 
exists a finite family of closed disjoint balls (-Bi)i£/uJuft' = (B(xi, r^), v^ig/uJuK such that (the 
vector V{ defines B~) 

Vi 6 I , Xi e d*F n Q, , n e]0, 1[ , Bi c n , C d ((F n Bi)ABr) < 5a d r d , 

Vz e J , z 4 g r 1 n \ F) , n e]o, i[ , fflnfiiCr 1 , £ d ((5i n n)Aflr) < <5a d rf , 

Vi E K , Xi eT 2 nd*F, n G]0, 1[ , 50 n c r 2 , £ d ((F n BJABr) < Sa d rf , 
and finally 

Fn{F)- a d . l r d ~ 1 v{v F {x i ))-Y,^d-ir d - l v{v n {x i )) 
ieiuK ieJ 

We will prove Lemma Q] with the help of Theorems [5] and El following the proof of Lemma 14.6 
in 16 1 . First notice that for F C 0, we have 



ln(F) = [ u(v F {x))dH d - 1 {x)+ I v(v F (x))dH d -\ 
Jd*Fnci Jr 2 nd*F 



x) 



+ / v(v n (x))ctH d - 1 (x). 



For E a set of finite perimeter, we denote by ||V XB || the measure defined by 

1 XE I 



Borel set in R d ||V XB |P) = H d ~ l (A n d*E) . 
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5.1 Geometric tools 



d-l 



IS 



We consider a subset F of Q of finite perimeter. We recall that the function v : S' 
continuous. The map x G d*F n ft i— > v F (x) is ||V XF | [-measurable, so we can apply the Besicovitch 
differentiation theorem in M rf to the maps rr G (9*77 R i — ^ v(v F (xj) and x G <9*-F D i— > 1 to obtain 
that for T^-almost all x G <9*F n tl 



1 



lim 

r-»0 a d -ir c 



T H d ~ 1 (B(x,r)r\d*Fnn) = 1 



lim — 



v{v F {y))dH i -\y) = u(v F (x)) . 

* B(x,r)nd*Fnn 

We denote by 1Z\ the set of the points of d*F n fi where the two preceding identities hold simulta- 
neously, thus TL d ~ 1 {{d*F nfi) \ 72-1 ) = 0. Similarly, let 7^-2 be the set of the points x belonging to 
r 2 n d*F such that 



lim 



lim 

r->0 a d ^ir 

1 



d —H d - 1 {B(x,r)nr 2 nd*F) = 1, 

v{v F {y))dH d -\y) = v(v F {x)) . 



r^o a d -ir d 1 J B (x,r)nr2nd* F 

We also know that 7Y d_1 ((r 2 n d*F) \ 7e 2 ) = 0. Since the map x G T 1 n d*(tt \. F) \-y vq(x) is 
| |V xn | [-measurable, the same arguments imply that the set IZ3 of the points x of T 1 n <9*(fi \ F) 
such that 

lim — ] — r -H d - 1 (B(x,r)nr 1 r)d*(n\F)) = 1, 

r— >o o^-iT 1 



lim 



1 



u{vn{y))dH d -\y) = u(v Q (x)), 

r^oa d _ 1 r a JB(x,r)nr 1 nd'-(Q^F) 

satisfies 7i rf_1 (r 1 n <9*(fi \ F) \ T*^) = 0. Moreover, from the theory of sets of finite perimeter (see 
for example section 13 in [6]), we know that 

VxG<9*F, km r _ r- d £ d (FAB-(x,r,v F (x))) = 0, 

VxGd*(fi\F), lim r ^ r- d C d {nAB-{x,r,v n {x))) = 0. 

We fix two parameters r] > and 5 > 0. For all x G 7£i, there exists a positive r(x,rj,S) such that 
for all r < r(x, rj, S) we have 



1 



d-l, 



B(x, r) n d*F nfi) — ad^ir^" 1 ! < 7?a d _ir 



„d-i 



d-l 



< V: 



'B(x,r)nd*Fnn 

C d ((FnB(x,r))AB-(x,r,v F (x))) < 5a d r d and B(x,r) C fi. 
For all x in 7^2, there exists a positive r(x, rj, 5) such that for all r < r(x, rj, 5) we have 

\H d ~ 1 {B(x,r) nr 2 n d*F) - a d _ir d_1 | < ^c^i/" 1 , 



1 



_B(x,r)nr 2 n9*F 



< 
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C d ((FnB(x,r))AB-(x,r,v F (x))) < 5a d r d and B(x,r)nT C T 2 . 
For all x in IZ3, there exists a positive r(x, rj, 5) such that for all r < r(x, rj, 5) we have 

|W*- 1 (5(a:,r)nr 1 na*(J2\ J F))-a d _ir <i - 1 | < Wd-i^ 1 , 

1 



nd-l 



u(v Q (y))dH d - 1 (y)-u(v Q (x)) 



< V, 



o-d-xf JB(x,r)nr 1 nd*(n^F) 
£ d ((nnB(x,r))AB~(x,r,v F (x))) < 5a d r d and %r)nr C T 1 . 
The family of balls 

(B(x, r), x £ Tlx U TZ 2 U H 3 , r < r(x, <q, 5)) 

is a Vitali relation for TZ\ U TZ 2 U TZ3. By the Vitali covering theorem for we may select from 

this collection of balls a finite or countable collection of disjoint balls B(xi,ri),i 6 I\ such that 
either 







or 



E^ 1 

ieh 

We know that O and F have finite perimeter, and that 



00 . 



{d*F nfi)u (r 2 n d*F) u (r 1 n \ f)) c r u <9*f , 



so 



(1 - t?) ad-irt 1 < n d ~ x ((d*F n ft) u (r 2 n d*F) u (r 1 na*(0\ F))) 

< H d ~ 1 (TUd*F) < 00, 

thus the first case occurs in the Vitali covering theorem, so we may select a finite subset I 2 of I± 
such that 

n d - 1 ^(fti U TZ 2 U K 3 ) n y #0*, r<)J < r,H d -\n x UTl 2 U K 3 ) . 

We claim that the collection of balls (B(xi,ri),i G ^2) enjoys the desired properties. We define the 

sets 

/ = {i e / 2 1 Si G a*F n ft} , 
j = {j e j 2 1 x . G r 1 n d*(ft \ F)} , 
if = {« G / 2 1 Xi G r 2 n , 

and Vi = vf{xi) for i £ I U K and t> j = ffj(xi) for i £ J. Finally, we only have to check that 



In{F)- ad-irf-^MxiV-^ad-xrf-^ivnixi)) 



< rj . 
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5.2 Definition of a local event 



We recall that v max is the supremum of v over S d 1 ; we have 



Hi 
+ 



ielUK i£j 

[ v{v F {y))dH d -\y) - V) a^r?" 1 i/M*<)) 

/ v(v a (y))dH d - 1 (y) - ^c^rf^M^)) 
v{v F {y))dH d - l {y) 

'7?.i\U ie /S(x i ,ri) 



v(v F (y))dH d -\y) - a d . ir f-^(v F (x)) 



d-1. 



KinBfii.rj) 



'7^2\U i gK-B(x i ,r i ) 



v(v F (y))dH d -\y) - a d ^rt^(v F (x)) 



d-l. 



K2nB(ii,r.) 



"R.3\U ie jS(xi,ri) 



«/(«n(l/))dH d_1 (y) 



+ E / ^(j/JJdH^CyJ-od-irf-^CunCx)) 
igJ J-R,3r\B{xi,n) 

< nH^CR-i U ^ 2 U ^ 3 )^max + »7 ^ "d-irf -1 

< nH d -\Ki un 2 u ^ 3 )^max + 2 V n d ' 1 (n 1 u 7e 2 u rc 3 ) 

< ??(^max + 2)(P(F,f])+P(0)). 



Since (f max + 2)('P(F, SI) + "P(^)) does not depend on rj, we have the required estimate. 



5.2 Definition of a local event 

We consider a set F in Cp, and a positive e F that we have to choose adequately. Thanks to Lemma 
[H we know that for every positive fixed 5 and 77, there exists a finite family of closed disjoint balls 
(J3i)te/ujuJC = (Bixi^r^^^i^iujuK such that (the vector defines Br) 



Vie I, Xi£d*Fnn, n e]o,i[, B t C fi, C d {(F n Bi)AB~) < 5a d rf , 

Vi € J, £j g r 1 nd*(ft n F) , r* £]0,1[, Sfin^cr 1 , C d ((Bi n f2)Ai?~) < <fa d rf , 

Vi E K , Xi er 2 nd*F, n ejo, i[ , ^fin^cr 2 , £ d ((F n Bi)AB~) < 5a d rf , 
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and finally 



< n . 



It is obvious that (f)Q < oo because 



Jr 2 nd*n 



< oo . 



We suppose for the rest of the article that 4>n > otherwise we do not have to study any lower 
large deviations. We consider A < <pn- There exists a positive s (we can choose it smaller than 1) 
such that A < - 2s) < Tn{F){l - 2s). We choose 



V 



sln(F) 



and then we obtain that 

MP)~ Y a^rf-^VFix^-J^^d-irtMMxi)) 



and that 



< I Y a d-i r t X v{v F {x i )) + Y J a d-ir d i ^{vn{x t ))\- 2 
\ieiuK ieJ / 

\i<=IUK ieJ ) 



Since the {Bi)i^i\jj\jK are disjoint, we also know that 

K > Y vi - £n n ■ 

ielUJUK 



Then 



W[V(£ n ) < An^" 1 and C d (E n AF) < e F ] 

J2ieiuJu K V(£nnB t ) <(l-s) n^YteiuKtXd-irtMMxi)) 

+ 52icJ a d-irf 1 v(yn(x i ))) 
and £ d {E n AF) < e F 



< 



From now on we choose e F to be 



e F = min c^r, 5 , 



for a fixed 8 that we will choose later. For all i & I, we then have 

C d ((E n nBi)ABr) < £ d ((F n B^ABr) + £ d (E n AF) < 28a d r d . 
We want to evaluate caid(((E n n Bi)AB~) n Z^). It is equivalent to evaluate 

n d £ d (((£ n n Bi)ABr) nZ d + [-l/2n, l/2n] d ) . 
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5.2 Definition of a local event 



By definition, for all x G E n P\7L d n = E n , x + [-l/2n, l/2n] d C E n , so 

((B„ n Bi)AB7) nZ d + [-l/2n, l/2n] rf 

C ((E n n Bi)AB~) U (Voo(Si, 1/n) \ Bj) U (V^Br, l/n) % Br) 
C ((B n n fli)ASr) U (V 2 (B i5 2d/n) \ Bj) U (V 2 (B~, 2d/n) \ Br) . 

Since <9Bj and dB~ are very regular, the result about the Minkowski content implies that 

lim £.£ d (y 2 (B u 2d/n) = H d -\dBi) 

and 

lim |-£ d (V 2 (B,r,2d/n)xBr) = H d -\dBZ). 

n— >oo 2a 

For n large enough, we then obtain that 

£ d (((B n n B)ABr) n < + [-l/2n, l/2n]<*) < 2Sa d rf + ^{H d -\d Bl ) +n d -\dBr)) 

and then for all n large enough 

card(((B n n Bi)AB~) D Z d ) < 25a d r?n d + M{n d ~ l {dBi) + n d ~ l {dBr))n d ~ l 

< A5a d r d n d . 

For i G K, exactly the same arguments imply that 

card(((B n n Bi)ABr) n Z*) < 45a d rfn d 

for n large enough. 

We study now what happens in the balls Bj for i G J. We recall that E n = E n n Z^. We define 
B; = B n U ft£ (wherefi£ = Z^ \ Q n ) and B^ = E' n + [-l/(2n), l/(2?i)] d ~ 1 . Then E' n H Q = E n . In 
a ball Bj, we have d e E' n n Bj = £ n n Bj. Indeed, we know that T n Bj C r . The sets T 1 and T 2 are 
open in T and disjoint, so r 1 nr 2 = 0, where T 2 is the adherence of T 2 , and then BjPir 2 = 0. Since 
Bj is closed, we obtain that d(Bj,r 2 ) > 0, and thus for n large enough, T n n Bj C r*. Moreover, 
we know that I J, C E„ C E' n . We obtain that d e E' n nO^n5 i = 0, i.e., all the edges of d e E' n in Bj 
have both endpoints in O n (see figure E]). Now we have 

c d {(E' n n Bj)AB+) < £ d ((E' n nB l )A(n c nB l )) + c d ((n c nB l )AB+) 

< £ d (E' n n B, n fi) + £ d ((O c \ b;) n Bj) + n B^ABr) 

< £ d {E n AF) + £ d (Voo(r, l/n) n Bj) + «5a d rf 

< e F + £ d (Voo(r, l/n) n Bj) + Sa d rf 

< 35a d r d , 

for n large enough, where the last inequality is a consequence of the properties of the Minkowski 
content. As previously, we obtain that for n large enough, 

card(((B; n Bj) AB+) n Z d ) < A5a d rfn d . 
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^ + [-l/(2n), l/(2n)}" 



r„nftc ri c £„ 



r n B t c r 1 




edges of 



E n + [-l/(2n),l/(2n)] a 



Figure 5: A ball Bi for i G J. 



We conclude that for n large enough, 

P[V(£^) < An^" 1 and £ d (E n AF) < e F ] 

V{d e E n n Bi) < (1 - s)a d _irf- 1 i/(v F (a;i)) and 
card((£ n n Bj)A(Br n Z#)) < 45a d rfn d 



< 



E 

+ E^ 
+ E 

s E i 

iS/UJUA' 



l/(a e K n BO < (1 - ^a^rf-^M^)) and 
card((£;; n Bi)A(B+ nZ^))< 45 a(i rfn d 

F(c> e £ n nj?i) < (1 - aja^irf- 1 !/^^)) and 
card((£ n n Bi)A(BT n Z*)) < 45a d rfn d 

¥[G(xi,n,Vi)), 



where G(x,r,v) is the event that there exists a set C/ cBflZj} such that: 

card(LTAB-) < 45a d r d n d , 
y(d e C/nB) < (a d _ir d - 1 l /(7;(x)))(l - s)^" 1 . 

Notice that this event depends only on the edges in B = B(x, r). This event seems to be complicated, 
but indeed when G(x, r, v) happens, it means in a sense that the flow between the lower half part 
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6 SURGERY IN A BALL TO DEFINE AN ALMOST FLAT CUTSET 



of B(x,r) (for the direction v) and the upper half part of B is abnormally small. We will examine 
the consequence of the event G(x,r,v) over the maximal flow in B(x,r) in the next section. 

6 Surgery in a ball to define an almost flat cutset 

We consider a fixed ball B = B(x,r) and a unit vector v (corresponding to one generic ball of the 
previous covering). We want to interpret the event G(x,r,v) in term of the maximal flow through a 
cylinder whose basis is a disc, included in the ball B, and oriented along the direction v. We define 

7max = pr, 

where p is a constant depending on 8 and B which we can imagine very small, it will be chosen 
later. The constant 7 max is in fact the height of the cylinder we are constructing, namely 

C = cyl(disc(x,r',-t;),7 max ) . 

We want C to be included in B, so we choose 

r' = r cos(arcsinp) . 

We would like to analyse the implication of the event G(x, r, v) on the flow 4>c between the top 
and the bottom of C for the direction v (we will define it properly soon). As we said previously, 
the event G(x, r, v) means that the maximal flow between a set U that "looks like" B~ (for the 
direction given by v) and the set U c that "looks like" B + is a bit too small. Here "looks like" means 
that B~ and U are closed in volume, but the set U might have some thin strands (of small volume, 
but that can be long) that go deeply into B + and symmetrically the set U c might have some thin 
strands that go deeply into B~ (see figured]). What we have to do to control (f>c is to cut these 




Figure 6: Event G(x,r,v). 

strands: by adding edges to d e U at a fixed height in C to close the strands, we obtain a cutset in 
C. The point is that we have to control the capacity of these edges we have added to d e U. This is 
the reason why we choose the height at which we add edges to be sure we add not too many edges, 
and then we control their capacity thanks to a property of independence. 

We suppose that the event G{x, r, v) happens, and we denote by U a fixed set satisfying the 
properties described in the definition of G(x,r,v). For each 7 in {1/n, (\n r y mBX .\ — l)/n}, we 
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define 

D{i) = cyl(disc(x,r',v),7) , 

d+D(j) = {y £ D(7) | 3z £ Z d , (z - x) ■ v > 7 and \z - y\ = 1} , 
d~D{i) = {y £ D( 7 ) I 3z £ Z d , {z - x) ■ v < -7 and \z - y\ = 1} . 

These sets are represented in figure[7l The sets d + D(^y) U d~D{^y) are pairwise disjoint for different 




Figure 7: Representation of D{^y). 

7, and we know that 

card((d + L>(7) n 17) U (d~D(~/) n t/ c )) < 46a d r d n d , 

7=l/n,...,(Ln7maxJ-l)/n 

so there exists a 70 in {1/n, (L^7maxJ — l)/ n } such that 

45a d r d n d 55a d r d n d ~ l 



car 



d((d+D( 70 ) n to u (a-D( 7o ) n t/ c )) < a - T — < 



L^7maxJ 1 7max 

for n sufficiently large. We define the event G*(x,r, v,j) (depending only on the edges in D(j))) to 
be the existence of a set X C D(-y) n with the following properties: 

card ((9+ /J (7) FIX) U (d-D(i) n X c )) < 55a d r d n d ~ l -f m l x = 56a d p- 1 r d - 1 n d - 1 , 
V(d e XnD(-f)) < a d ^ ir d ~ l u(v)(l - s)n d ~ l . 

We have proved that if G(x,r,v) occurs, there exists a 7 in {1/n, (l/HWxJ ~~ l)/ n } such that 
G*(x,r,v,'y) happens. On G*(x, r, v, 7), we select a set of edges X that satisfies the properties 
described in the definition of G*(B,v(x), / y) with a deterministic procedure, and we define 

X+ = {(x,y)\x£ d+D(j) f\X,y£ D(j)} , 
X- = {{x, y) I x £ drD(i) \ X , y i £>( 7 )} . 
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6 SURGERY IN A BALL TO DEFINE AN ALMOST FLAT CUTSET 



The set of edges (d e X n -0(7)) Ul+Ul" cuts the top d + D{^ m&yi ) from the bottom d~D(j max ) of 
C = D (Tmax)' If we define 



4>C = 0(9 + -D(7 m ax) <9 £>(7 max ) in C) 



on G*(cc, r, v, 7), we have 



4> c < v(d e xnD(~f)) + v(x + ux-). 

(Recall that d e X n .0(7) is the set of the edges of d e X which are included in D (7)). Moreover 
card(X+ U X~) < 2d card ((9+ £(7) nI)U (d~D(j) \ X)) 



< 2d- 



7n 



where C = lOda^ is a constant depending on the dimension. We obtain that 

F[G{x,r,v)] < Yl P[G*(x,r,u, 7 )] 

7=l/n,...,(Ln7 m axJ-l)/n 

< ^P[G*(i,r,!),7)n{y(X + ur) < a^r^u^n^s/A}] 

7 

+ P[G*(x, r, u, 7) n {V(X + U X - ) > a d _ 1 r d ~ 1 i/(u)n d - 1 a/4}] . 

On one hand, we have proved that 

P[G*(x,r,v,-f)n{V(X + UX~) < a </ _ir d_1 J/(t;)n d ~ 1 */4}] 
< P[<£c < a d _ir d - 1 l /(t;)(l - 3s/4)n d - 1 ] . 

On the other hand, we have 

P[G*(x,r,u,7) n{V{X + UX~) > a^r^u^n^s/A}] 

< E (¥{G*(x,r,v,j) n {F(X+ UF) > a^r^u^n^s/A} | (t(e)) cei?(7 ))) 

< E(p(G*(x,r,v, 7 ) n (J ({i + ur = F} 

n {V(-F) > ad-ir^V^n'*- 1 ^}) | (t(e)) e6D(7) ) 

< El tG*(x,r,v,j) E l{x+ux-=F}P(^(^) > a d _ 1 r d - 1 I /(i;)n <i - 1 S /4) 
FcEi 

Cr d-i gp -l n d-i 

£ > a d _ 1 r*- 1 I /(i;)n d -V4 



< 



i=l 



where the last inequality comes from the fact that for all F such that P[X + U X = F] > 0, 
card(F) < Cr^Sp' 1 ^- 1 . Here we have used the following essential property of X + U X : 
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the position of the edges of X + U X is a(t(e),e G -D(7))-measurable, but their capacities are 
independent of (t(e)) ee D(~\. Finally, we obtain that 

F[G*(x,r,v,^)] < j max n¥[(j>e < {a d ^r d - l v(v)){l - 2, S /A)n d ~ l ] 



Tmax^IP 



i=l 



We want to consider cylinders whose basis are hyper rectangles instead of discs, and the variable r 
instead of <p in these cylinders, because we only know the lower large deviations of the flow in this 
case (see [ID]). There exists a constant c = c(d) such that, for any positive k, there exists a finite 
family (Ai)i € [ of disjoint closed hyper rectangles included in disc(x,r',u) such that 

E i6 /W d - 2 (5^)<cr' d - 2 , 
(see figure [8]). Thanks to the max-flow min-cut theorem, we know that for each i, the maximal 

disc(:r, r', v) 




Figure 8: Disc disc(x, r', v ). 

flow T(cyl(Ai,j max ),v) is equal to the smallest capacity of a set of edges in cyl(Aj, 7 max ) that cuts 
the lower half part from the upper half part of the boundary of the cylinder along the direction 
given by v. We denote by Si such a cutset in cyl(Aj, 7 max ). This set of edges is pinned at the 
boundary of Ai (which is the common boundary of the two halves of the boundary of the cylinder 
cyl(^4j, 7 m a X ) between which the flow r(cyl(^4j, 7 max ), f ) goes). Thus the different sets in each 
cylinder cyl^j, 7 max ) can be glued together along Ujg/cMi to create a cutset in C if we provide 
some "glue", i.e., if we add some edges in a small neighbourhood of Uj G /cL4j. For each i € /, we 
define the set Vi(ri) C R d by 

Vi(n) = cyl(V(9^,C/n)nhyp(^) 

where ( is a fixed constant bigger than 2d, and we denote by Pi(n) the set of the edges included in 
Vi(n). Then Ujg/E'i U Pi(n) cuts the top from the bottom of C. Thanks to the max-flow min-cut 
theorem again, we thus obtain that 

<f>c < ^^(cyl(^i,7max),w) +V(U ieI Pi(n)). 
iei 
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7 CALIBRATION OF THE CONSTANTS 



We can evaluate the number of edges in Uj 6 /Pj(n.) as follows: 

card(U ie/ P i (?i)) < cV^Vaxn^ 1 < cV^V- 1 , 
where d is a constant depending on £ and d. Therefore 
k<a d ^ 1 r d - 1 u(v)(l-3s/4)n d ~ 1 } 



< 



+ 



< 



+ 



J2 r ( c y l ( A i,lmax),v) < Q d _ir d - 1 i/(i;)(l - s/2)n d - 1 
c i pr d-i n d-i 

t{ ei )> ad ^r d ~ l u{v) & -n d ~ l 

i=l 

^r(cyl(^,7max),«) < {l-8/l)T&- 1 Y,'H d - 1 {A i )v 
£ ^ ad-ir <f - 1 i/(«)|n^ 1 



c / pr d-l n d-l 



i=l 



as soon as the constants satisfy the condition 

( K + a d . 1 (r d - 1 -r >d - 1 ))(l-s/2) < ^^(^/^ 



iei 



Then 



P[G*(x,r,t;,7)] < prn £ P[r(cyl(^, 7 max), u) < H 4 ' 1 {A^v^l - s/A)n d - 1 } 



iei 



+ prnl 



+ prnl 



Cr d-i 5p -i n d-i 

£ t(ei) > a d _ 1 r d - 1 Z /(«)n d - 1 S /4 



i=l 



c / pr d-i n d-i 



2 ^ o d _ 1 r <i - 1 i/(«)n <, - 1 8/4 



i=l 



< prnEP[T(cyl(^ i , 7max ), ? ;) < W^^M")^ " s/4)n d - l \ 



iei 



+ 2prnP 



£ > a d _ 1 r d - 1 i/(w)n <, - 1 a /2 



i=l 



where C" is a constant depending on £ and d. 

7 Calibration of the constants 

From now on we suppose that the law A of the capacity of the edges admits an exponential moment 
Then as soon as the constants satisfy the condition 

s 



C7'(p + <5p- 1 )r rf - 1 E(t(e)) < (aa-^v^)-, 



(2) 
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the Cramer Theorem in M. allows us to affirm that there exist positive constants V and V (depending 
on A, 5, p, C, s and d) such that 



'c'iSp^+py 1 - 1 ^- 1 

J2 ^ (a d - 1 r d - 1 u(v)n d - 1 8 /2 

i=i 



If we also suppose that A(0) < 1 — p c {d), we know from Theorem [3] (Theorem 3.9 in [10]) that there 
exist a positive constant K(d,A,s) and a constant K'(d, A, Ai, s) such that 

P[r(cyl(A t , 7max ),<;) < H d ~ l {A t )v(v){\ - s/A^ 1 } < K > e -Kn*-W-\ Ai ) 

We have thus proved that if we can choose, for a fixed F, the constants 5, p and k such that for 
every ball B in the collection of balls (-Bi)ig/uJuK the conditions ([T]) and j2j) are satisfied, then there 
exists positive constants V and V (depending on d, A, $7, r , T 2 and A) such that 

P[0„ < An^ 1 ] < Pe"^^ 1 , 

and this yields Theorem [U 

We just have to calibrate the constants. In condition ([2]) appears the factor (p + dp^ 1 ): to make 
it small, we choose p = VS. Then the condition J2]) is equivalent to 



< 



2C'E(t(e)) ' 



for a constant C" that depends on £ and d, and thus it is satisfied if we choose 5 small enough 
(clearly since A(0) < 1 — p c (d) we know that E(i(e)) > and u m i n > 0). To see that the condition 
([l|) can also be satisfied, we just choose k < a ( i_i(r d ~ 1 — r' d ~ 1 )/2 (so k depends on 8) and we remark 
that 

1 - (cos arcsin v 7 ^ 1 = (d - 1)6/2 + o(5) , 
so for 5 small enough, condition (|T|) is satisfied as soon as 

2i^min 



5 < 



12(d-l)(l - a/2) ' 



which can obviously be satisfied (remember that s < 1 and v m \ Q > 0). This ends the proof of 
Theorem [TJ 
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